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Motivation: training of neural networks
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• Neural networks have become gigantic (20M parameters 
normal, variants with hundreds of billions of parameters exist) 
 

• How can we optimize something with that many dimensions? 
 

- Need to efficiently move through high-dimensional domain & 
optimize all parameters at the same time. 
 

Gradient: best local direction to improve neural net. 
 

Tensorflow, PyTorch, etc: tools to compute gradients quickly.

Motivation: training of neural networks



RGL Realistic Graphics Lab

How to evaluate gradients?
Let's review some standaard techniques for evaluating derivatives.

4

• Finite Differences


- Evaluate function at nearby points to estimate derivative 

• Symbolic (by hand, or with help of software)


- Apply all the rules you’ve learned in MATH-101


• Automatic differentiation (“AD”, “autodiff”)


- Like “symbolic”, but with a few extra tricks!
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Finite Differences

5

f 0(x) ⇡ f (x + h)� f (x � h)
2h

Forward difference

Centered difference

(plot shows                                    )

Example:Main problems:


- 1M dimensions? Must evaluate 
 f at least 1M+1 times 

- Complex tradeoff between 
approximation / cancellation error f 
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Symbolic versus Automatic Derivatives
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def f(x):

   for i in range(8):

        x = exp(x)

    return x

<latexit sha1_base64="97mHX6XV9sGXAv76QbDnA0VAeKQ="></latexit>

d f (x)
dx

= ex+eeeeeeex

+eeeeeex

+eeeeex

+eeeex
+eeex

+eex
+ex

8 exponentials

37 exponentials (!)

Original calculation:

Automatic differentiation (forward mode):
def df(x):

    d = 1

    for i in range(8):

        x = exp(x)

        d = d * x

    return d

8 exponentials

By hand SymPy Mathematica

Computer Algebra System (CAS)

Symbolic derivative:
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Automatic differentiation

7

∂

∂x
f (x)

<latexit sha1_base64="MubHxgVNIqrPn8/r1aDOP/iAPiQ=">AAACMHicbVDLSgMxFM34rPU16tJNsAh1U2akoO6KblxWsA/olJJJM21oJhOSjFiH+Q7/w71b/QVdiTvxK8y0g4/WC4Fzz7mXk3t8wajSjvNqLSwuLa+sFtaK6xubW9v2zm5TRbHEpIEjFsm2jxRhlJOGppqRtpAEhT4jLX90kemtGyIVjfi1HgvSDdGA04BipA3Vs10vkAgnnkBSU8TSbwS9EOmhHyS3aRqUf5qjnl1yKs6k4Dxwc1ACedV79ofXj3AcEq4xQ0p1XEfobpLZYEbSohcrIhAeoQHpGMhRSFQ3mZyWwkPD9GEQSfO4hhP290aCQqXGoW8msy+qWS0j/9UyRqC7aMZfB6fdhHIRa8Lx1D6IGdQRzNKDfSoJ1mxsAMKSmgsgHiKToDYZF0007mwQ86B5XHGrlbOraql2nodUAPvgAJSBC05ADVyCOmgADO7BI3gCz9aD9WK9We/T0QUr39kDf8r6/ALvravN</latexit>

∂

∂x
f (x)

<latexit sha1_base64="MubHxgVNIqrPn8/r1aDOP/iAPiQ=">AAACMHicbVDLSgMxFM34rPU16tJNsAh1U2akoO6KblxWsA/olJJJM21oJhOSjFiH+Q7/w71b/QVdiTvxK8y0g4/WC4Fzz7mXk3t8wajSjvNqLSwuLa+sFtaK6xubW9v2zm5TRbHEpIEjFsm2jxRhlJOGppqRtpAEhT4jLX90kemtGyIVjfi1HgvSDdGA04BipA3Vs10vkAgnnkBSU8TSbwS9EOmhHyS3aRqUf5qjnl1yKs6k4Dxwc1ACedV79ofXj3AcEq4xQ0p1XEfobpLZYEbSohcrIhAeoQHpGMhRSFQ3mZyWwkPD9GEQSfO4hhP290aCQqXGoW8msy+qWS0j/9UyRqC7aMZfB6fdhHIRa8Lx1D6IGdQRzNKDfSoJ1mxsAMKSmgsgHiKToDYZF0007mwQ86B5XHGrlbOraql2nodUAPvgAJSBC05ADVyCOmgADO7BI3gCz9aD9WK9We/T0QUr39kDf8r6/ALvravN</latexit>

AD
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AD Motivation

• Differention is simple, really! (at least locally)


- Any program boils down to a sequence of tiny steps 
 (+, -, load, store, etc.).


- If we know how to handle each step, then  
we can differentiate the entire program! [xkcd.com]

• AD has two key ingredients:


- Chain rule


- Common subexpressions

http://xkcd.com
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AD Ingredient 1: The Chain Rule
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b = f(a)

c = g(b)

<latexit sha1_base64="fa7hNBbyNMjFwikU+5IiTPqpbmY=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0UQFyURRTdC0Y3LCvYBbSmTyaQdOpkJMxOhhvyD/+Herf6CO3Xrxs9wkmZRWw9cOPece7nc40WMKu04n1ZpaXllda28XtnY3NresXf3WkrEEpMmFkzIjocUYZSTpqaakU4kCQo9Rtre+Cbz2w9EKir4vZ5EpB+iIacBxUgbaWCf9AKJcOLjNPFRCq/gTO+lRePl5sCuOjUnB1wkbkGqoEBjYP/0fIHjkHCNGVKq6zqR7idIaooZSSu9WJEI4TEakq6hHIVE9ZP8pxQeGcWHgZCmuIa5OruRoFCpSeiZyRDpkZr3MvFfL1Mi9Cjm7uvgsp9QHsWacDw9H8QMagGz2KBPJcGaTQxBWFLzAcQjZNLRJtyKicadD2KRtE5r7nnNuTur1q+LkMrgAByCY+CCC1AHt6ABmgCDJ/ACXsGb9Wy9Wx/W13S0ZBU7++APrO9fnk+oiw==</latexit>

dc
da

=
dc
db

db
da

Original calculation:
<latexit sha1_base64="fa7hNBbyNMjFwikU+5IiTPqpbmY=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0UQFyURRTdC0Y3LCvYBbSmTyaQdOpkJMxOhhvyD/+Herf6CO3Xrxs9wkmZRWw9cOPece7nc40WMKu04n1ZpaXllda28XtnY3NresXf3WkrEEpMmFkzIjocUYZSTpqaakU4kCQo9Rtre+Cbz2w9EKir4vZ5EpB+iIacBxUgbaWCf9AKJcOLjNPFRCq/gTO+lRePl5sCuOjUnB1wkbkGqoEBjYP/0fIHjkHCNGVKq6zqR7idIaooZSSu9WJEI4TEakq6hHIVE9ZP8pxQeGcWHgZCmuIa5OruRoFCpSeiZyRDpkZr3MvFfL1Mi9Cjm7uvgsp9QHsWacDw9H8QMagGz2KBPJcGaTQxBWFLzAcQjZNLRJtyKicadD2KRtE5r7nnNuTur1q+LkMrgAByCY+CCC1AHt6ABmgCDJ/ACXsGb9Wy9Wx/W13S0ZBU7++APrO9fnk+oiw==</latexit>

dc
da

=
dc
db

db
da

Chain rule:

ba c

a

da
b

db

In graph form:

c

dc

<latexit sha1_base64="fa7hNBbyNMjFwikU+5IiTPqpbmY=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0UQFyURRTdC0Y3LCvYBbSmTyaQdOpkJMxOhhvyD/+Herf6CO3Xrxs9wkmZRWw9cOPece7nc40WMKu04n1ZpaXllda28XtnY3NresXf3WkrEEpMmFkzIjocUYZSTpqaakU4kCQo9Rtre+Cbz2w9EKir4vZ5EpB+iIacBxUgbaWCf9AKJcOLjNPFRCq/gTO+lRePl5sCuOjUnB1wkbkGqoEBjYP/0fIHjkHCNGVKq6zqR7idIaooZSSu9WJEI4TEakq6hHIVE9ZP8pxQeGcWHgZCmuIa5OruRoFCpSeiZyRDpkZr3MvFfL1Mi9Cjm7uvgsp9QHsWacDw9H8QMagGz2KBPJcGaTQxBWFLzAcQjZNLRJtyKicadD2KRtE5r7nnNuTur1q+LkMrgAByCY+CCC1AHt6ABmgCDJ/ACXsGb9Wy9Wx/W13S0ZBU7++APrO9fnk+oiw==</latexit>

dc
da

=
dc
db

db
da
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AD Ingredient 2: Reuse of common subexpressions
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b = f(a)

c = g(a)

d = h(b, c) 
e = k(d)

de = dk(h(f(a), g(a))) * 
     dh_1(f(a), g(a)) * df(a) 
   + dk(h(f(a), g(a))) * 
     dh_2(f(a), g(a)) * dg(a)

Naïve symbolic derivative:

In graph form:

d e
b

c
a

Redundant computation
(as programs grow larger, such unnecessary 

computation can lead to exponential overheads)

Original calculation:
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Cheap Gradient Principle

11

- Enables fast computation of high-dimensional gradient (crucial for machine 
learning and many other applications.)

The cost of computing the gradient is  
nearly the same (typ.  < 5x) as that of simply 

computing the function itself.

[Griewank 2008]
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AD Ingredient 2: Reuse of common subexpressions
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b = f(a)

c = g(a)

d = h(b, c) 
e = k(d)

Original calculation:
de = dk(h(f(a), g(a))) * 
     dh_1(f(a), g(a)) * df(a) 
   + dk(h(f(a), g(a))) * 
     dh_2(f(a), g(a)) * dg(a)

Naïve symbolic derivative:

Optimized:
b = f(a);       db = df(a); 
c = g(a);       dc = dg(a); 
d = h(b, c);    dd = dh_1(b, c) * db +

                     dh_2(b, c) * dc; 
e = k(d);       de = dk(d) * dd;

Original
Derivatives
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Differentiating a function with respect to an input

13

This is known as

Forward mode

×
+

Gradient

Differentiation depends on how variables are connected.
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Talk is cheap, show me the code!
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class Number:

    def __init__(self, value: float, grad: float):

        self.value = value

        self.grad = grad


    def __add__(self, other: Number):

        return Number(

            value = self.value + other.value,

            grad  = self.grad + other.grad

        )


    def __mul__(self, other: Number):

        return Number(

            value = self.value * other.value,

            grad  = self.grad*other.value + self.value*other.grad

        )


     ...

One possible implementation strategy: dual numbers. (we'll discuss 3 today.)

Note: this is not the approach 
used in homework 4, please

don't copy code from here.



Demo time
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Directionality of differentiation

16

Reverse mode

×
+

Program execution

Differentiation
Gradient

aka. backward mode
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The Jacobian of multidimensional functions
Another way to think about forward/reverse mode AD

17

<latexit sha1_base64="zg3R2/WBcm+tnh8hZwNUjh6OeNY="></latexit>

J f (x) =
f (x)
∂x

=

2

664

f1(x)
∂x
...

fn(x)
∂x

3

775 =

2

664

f1(x)
∂x1

· · · f1(x)
∂xm

...
fn(x)
∂x1

· · · fn(x)
∂xm

3

775

In practice, m and n may be very large (> 1 million). Can't store a 1M x 1 M entry matrix.

<latexit sha1_base64="zg3R2/WBcm+tnh8hZwNUjh6OeNY="></latexit>

J f (x) =
f (x)
∂x

=

2

664

f1(x)
∂x
...

fn(x)
∂x

3

775 =

2

664

f1(x)
∂x1

· · · f1(x)
∂xm

...
fn(x)
∂x1

· · · fn(x)
∂xm

3

775

<latexit sha1_base64="zg3R2/WBcm+tnh8hZwNUjh6OeNY="></latexit>

J f (x) =
f (x)
∂x

=

2

664

f1(x)
∂x
...

fn(x)
∂x

3

775 =

2

664

f1(x)
∂x1

· · · f1(x)
∂xm

...
fn(x)
∂x1

· · · fn(x)
∂xm

3

775

<latexit sha1_base64="zg3R2/WBcm+tnh8hZwNUjh6OeNY="></latexit>

J f (x) =
f (x)
∂x

=

2

664

f1(x)
∂x
...

fn(x)
∂x

3

775 =

2

664

f1(x)
∂x1

· · · f1(x)
∂xm

...
fn(x)
∂x1

· · · fn(x)
∂xm

3

775

"Magic" of AD: can efficiently multiply by that matrix without ever having to build it. Two kinds of 
matrix-vector products are commonly implemented:

Forward mode:  computes Jf y Reverse mode:  computes JT
f y

(for some given input vector )y



a = α
b = -a
c = x · b
d = exp(c)
e = a · d

Primal

c d

e

b

Tape / computation graph

Di erentiation task

δe = 1
δd = a · δe = a
δc = d · δd = a · d
δb = x · δc = x · a · d
δa = -δb = -x · a · d
δa += d · δe = -x · a · d + d

δa = 1
δb = -δa = -1
δc = x · δb = -x
δd = d · δc = d · -x
δe = a · δd = a · d · -x
δe += d · δa = a · d · -x + d

Forward mode

a
Reverse mode

a = α
b = -a
c = x · b
d = exp(c)
e = a · d

Primal

c d

d

d

e

b
a

Tape / computation graph

Di!erentiation task

δe = 1
δd = a · δe = a
δc = d · δd = a · d
δb = x · δc = x · a · d
δa = -δb = -x · a · d
δa += d · δe = -x · a · d + d

δa = 1
δb = -δa = -1
δc = x · δb = -x
δd = d · δc = d · -x
δe = a · δd = a · d · -x
δe += d · δa = a · d · -x + d

Forward mode

a
Reverse mode

a = α
b = -a
c = x · b
d = exp(c)
e = a · d

Primal

c d

d

d

e

b
a

Tape / computation graph

Di!erentiation task

δe = 1
δd = a · δe = a
δc = d · δd = a · d
δb = x · δc = x · a · d
δa = -δb = -x · a · d
δa += d · δe = -x · a · d + d

δa = 1
δb = -δa = -1
δc = x · δb = -x
δd = d · δc = d · -x
δe = a · δd = a · d · -x
δe += d · δa = a · d · -x + d

Forward mode

a
Reverse mode

Strategy 2: AD by recording onto a Tape
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Strategy 3: AD by code transformation
(One can of course also do this by hand, but computer assistance is helpful.)

19

AD Compiler

forward mode

reverse mode



RGL Realistic Graphics Lab

Technique tree

20

Forward mode
Use when the function has few inputs and many outputs,


 and if you want the derivative wrt. all outputs at once.

Reverse mode
Use when the function has few outputs and many inputs,


 and if you want the derivative wrt. all inputs at once.

Dual numbers
Simple and efficient.

AD Implementation strategies

Code transformation / by hand
Complicated, ends up being effectively the

same as dual numbers.

Tape
Simple, but inefficient (memory usage).

Dual numbers
Does not make sense for reverse mode.

Code transformation / by hand
Promising but not widely used.

Tape
What everyone uses in practice.



We have gradients. 

Now, what?
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"Inverse problems"
Previously, f was a linear function, which was very useful. But what if it isn't?

22

Input

domain

Output

domain

<latexit sha1_base64="AffFUt8HQDqRmQM0TWi1lKbjaAk=">AAACEHicbVBLTsMwFHT4lvILZcnGokIqC6oEVcCygg3LItGP1JbKcZ3WqmNHtoNaolyCA7CFI7BDbLkBJ+AaOG0WtGUkS6OZ9/xG44WMKu0439bK6tr6xmZuK7+9s7u3bx8UGkpEEpM6FkzIlocUYZSTuqaakVYoCQo8Rpre6Cb1m49EKir4vZ6EpBugAac+xUgbqWcX/If4zE1KnQDpoefH4+S0ZxedsjMFXCZuRoogQ61n/3T6AkcB4RozpFTbdULdjZHUFDOS5DuRIiHCIzQgbUM5CojqxtPsCTwxSh/6QprHNZyqfzdiFCg1CTwzmUZUi14q/ue1I+1fdWPKw0gTjmeH/IhBLWBaBOxTSbBmE0MQltRkhXiIJMLa1DV3Jf07RE8iMc24iz0sk8Z52b0oV+4qxep11lEOHIFjUAIuuARVcAtqoA4wGIMX8ArerGfr3fqwPmejK1a2cwjmYH39AgJgnWA=</latexit>

f�1(x) ?
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Two important kinds of inverse problems

23

Root finding Optimization

minimum Y value unknown, so this

isn't exactly the same as root finding

?

problems can

often be converted

Example

Linear system solving

Example

Linear least squares

Conversion:

normal equations
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<latexit sha1_base64="/3jgrLFgwXtqqD4upOHzF2f2FeM=">AAACBHicbVDLSgMxFL1TX7W+qi7dDBahbsqMFHUjFN24rGAf0JaSSTNtaCYZkoxYh9n6AW71E9yJW//DL/A3zLSzsK0HAodz7ivHCxlV2nG+rdzK6tr6Rn6zsLW9s7tX3D9oKhFJTBpYMCHbHlKEUU4ammpG2qEkKPAYaXnjm9RvPRCpqOD3ehKSXoCGnPoUI22ktl+OH5PTK6dfLDkVZwp7mbgZKUGGer/40x0IHAWEa8yQUh3XCXUvRlJTzEhS6EaKhAiP0ZB0DOUoIKoXT+9N7BOjDGxfSPO4tqfq344YBUpNAs9UBkiP1KKXiv95nUj7l72Y8jDShOPZIj9ithZ2+nl7QCXBmk0MQVhSc6uNR0girE1Ec1vS2SF6EolJxl3MYZk0zyrueaV6Vy3VrrOM8nAEx1AGFy6gBrdQhwZgYPACr/BmPVvv1of1OSvNWVnPIczB+voFYkOYtg==</latexit>

f (x) = 0

Root finding
Let's start with a simple 1D problem

24

<latexit sha1_base64="UK1NjqX8t4yVO/g22R4vPEbLCwQ="></latexit>

f : R ! R
Find x so that                     .
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How many solutions?
Linear systems have 0, 1, or ∞ solutions. Anything possible in the nonlinear case

25

• A few examples from [Heath 2002]: 

- exp(x) + 1 = 0

- exp(-x) -x = 0

- x2 - 4 sin(x) = 0

- x3 - 6x2 + 11x - 6 = 0

- sin(x)  =  0

-4 -2 2 4

-4

-2

2

4

-4 -2 2 4

-4

-2

2

4

-4 -2 2 4

-4

-2

2

4

-4 -2 2 4

-4

-2

2

4

-4 -2 2 4

-4

-2

2

4
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"Evil functions"
All sorts of things could be lurking inside. How are we expected to deal with such functions?

26
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Common assumptions
Must assume something. This determines how the solution algorithm will work.

27

Continuity Differentiability

Actually: kinks usually OK, we mainly 
need the ability to evaluate derivatives.

ConvexityLipschitz continuity

Mostly used for optimization.
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A model problem

28

0.5 1.0 1.5 2.0 2.5 3.0

2

4

6

8

x2 = 4 sin x

Solution is not analytic!

Mathematica:
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A model problem
Can more or less read off solution from graph, how difficult can it be?

29

f (x) := x2 � 4 sin x

1.5 2.0 2.5 3.0

-2

2

4

6

8

Want f (x) = 0
Plot required thousands of function 
evaluations, each one is potentially very 
expensive (evaluating f(x) once: test a 
new drug compound on patients, build a 
rocket and collect a sample on Mars.)
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Intermediate Value Theorem

30

If f is continuous and  f (x0) = y0,  f (x1) = y1, 

then f (x) on (x0, x1) must pass through 
every value between y0 and y1.

1.5 2.0 2.5 3.0

-2

2

4

6

8
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Use of continuity in our model problem

31

1.5 2.0 2.5 3.0

-2

2

4

6

8

??

If f (x0) · f (x1) < 0, then [x0, x1] is called a bracket.
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def bisect(f, l, r, eps1, eps2):

    while True:

        m = l + (r - l) / 2


        if np.abs(f(m)) < eps1 or np.abs(l - r) < eps2: 

            return m


        if f(l) * f(m) < 0:

            r = m

        else

            l = m

Bisection search

32
Is this code optimal?

function “bracket” stopping criterion thresholds

No, it could be implemented with ~1/3 
the number of f-evaluations.

Does not use function values! 
(only their sign is relevant)
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Stopping criteria for nonlinear methods

33

if np.abs(f(m)) < eps1 or np.abs(l - r) < eps2: 

    return m

Bound on forward error

(exact value unknown)

1.5 2.0 2.5 3.0

-2

2

4

6

8

(true forward error)

Backward 
error

l

r
m
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Does this seem at all familiar?

34

1 3 4 6 8 14107 13

4 > 3

4 < 6

4 < 7

Binary search for 4 in sorted list.

[Wikipedia]

Complexity of (discrete) algorithm: O(log n)

Can we find an analogy of “complexity” for root finding?
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Order and rate of convergence

35

Suppose that we can find numbers o and r so that
<latexit sha1_base64="77DivlOr7FiZpzrlqz1eZSn2TC4="></latexit>

lim
k!•

Ek+1
Eo

k
= r.

where Ek is the error after iteration k, then:

- o is called the order of convergence, which tells us how quickly 

the algorithm convergences.

- o = 1: linear convergence, o = 2: quadratic convergence, etc.


- r is called the rate of convergence. It distinguishes convergence 
speed of algorithms with the same order.
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Convergence order and rate of bisection

36

Error bound (before 1st iteration) :   r - l
Error bound (after 1st iteration)     :  (r - l) / 2

A method with a linear order of convergence gains a fixed 
number of accurate digits per iteration (depending on rate). Here: 
 

- 1 base-2 digit every iteration.  log 10
log 2

⇡ 31 base-10 digit every                      iterations.

<latexit sha1_base64="DkTWmit6kpXeXu/R4x8t0HqiA64="></latexit>

, Ek+1

E1
k

=
1
2

<latexit sha1_base64="ydu1i5crtBpkx491bk/BLrCSshg=">AAACFXicbZDLSsNAFIYnXmu9RV24cDNYBEEoSVF0IxSl4LKCvUAbwmQ6aYdMJmFmItSQ5/AB3OojuBO3rn0CX8NJm4VtPTDw8//nzJn5vJhRqSzr21haXlldWy9tlDe3tnd2zb39towSgUkLRywSXQ9JwignLUUVI91YEBR6jHS84DbPO49ESBrxBzWOiROiIac+xUhpyzUPG24anNnZdd8XCKd2ltYy2HAD16xYVWtScFHYhaiAopqu+dMfRDgJCVeYISl7thUrJ0VCUcxIVu4nksQIB2hIelpyFBLppJMPZPBEOwPoR0IfruDE/TuRolDKcejpzhCpkZzPcvO/rJco/8pJKY8TRTieLvITBlUEcxpwQAXBio21QFhQ/VaIR0iTUJrZzJb87hg9RZkmY89zWBTtWtW+qFr355X6TcGoBI7AMTgFNrgEdXAHmqAFMMjAC3gFb8az8W58GJ/T1iWjmDkAM2V8/QIqw57+</latexit>

Ek+1 =
1
2

EkGenerally:

In other words: order of convergence = 1 (linear) 
                               rate of convergence = 1 / 2
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Convergence speed of bisection
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[Heath]

f (x) := x2 � 4 sin xNonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Bisection Method
f(x) = x2 � 4 sin(x) = 0

a f(a) b f(b)
1.000000 �2.365884 3.000000 8.435520
1.000000 �2.365884 2.000000 0.362810
1.500000 �1.739980 2.000000 0.362810
1.750000 �0.873444 2.000000 0.362810
1.875000 �0.300718 2.000000 0.362810
1.875000 �0.300718 1.937500 0.019849
1.906250 �0.143255 1.937500 0.019849
1.921875 �0.062406 1.937500 0.019849
1.929688 �0.021454 1.937500 0.019849
1.933594 �0.000846 1.937500 0.019849
1.933594 �0.000846 1.935547 0.009491
1.933594 �0.000846 1.934570 0.004320
1.933594 �0.000846 1.934082 0.001736
1.933594 �0.000846 1.933838 0.000445Michael T. Heath Scientific Computing 16 / 55

l f (l) f (r)r

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
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l f (l) f (r)r

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Bisection Method
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1.000000 �2.365884 2.000000 0.362810
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Let’s apply bisection to the root-finding example function with

Here, l and r denote the bracket; the solution lies in between.

Midpoint  = 1.933838

True solution = 1.93375376282..

(13 iterations for ~4 digits)
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Newton's method

38

f (x + h) ⇡ f (x) + f 0(x)h

• Let's set this approximation to zero and solve for h.

f (x + h) = 0 , h = � f (x)
f 0(x)

• Move to that position, and repeat..

xk = xk�1 �
f (xk�1)
f 0(xk�1)

• Based on first-order Taylor expansion:
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Visualization of Newton's method

39
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Convergence of Newton's method

40

f (x) := x2 � 4 sin x

f 0(x) = 2x � 4 cos x

The method has a quadratic order of convergence, meaning that the

number of valid digits approximately doubles per iteration.

Newton’s method requires the derivative of f. Here,

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Newton’s Method
Use Newton’s method to find root of

f(x) = x2 � 4 sin(x) = 0

Derivative is
f 0(x) = 2x� 4 cos(x)

so iteration scheme is

xk+1 = xk �
x2k � 4 sin(xk)

2xk � 4 cos(xk)

Taking x0 = 3 as starting value, we obtain
x f(x) f 0(x) h

3.000000 8.435520 9.959970 �0.846942
2.153058 1.294772 6.505771 �0.199019
1.954039 0.108438 5.403795 �0.020067
1.933972 0.001152 5.288919 �0.000218
1.933754 0.000000 5.287670 0.000000

Michael T. Heath Scientific Computing 26 / 55

[Heath]

x f (x) f 0(x) h

(5 iterations 
  for ~7 digits)
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1D Root Finding: Pros/Cons

41

Bisection Newton’s methodProperty

Speed 😞 Slow 😊 Extremely fast
(only a few iterations once  

we’re sufficiently close to root)

Requirements 😐 Continuity, bracket 😐 Derivative

Reliability 😞 Divergence,

      multiple roots, …

😊 Always works

Can combine both: Newton-Bisection

😊 Extremely fast 😊 Always works 😬 Continuity, bracket, 
      derivatives

Speed RequirementsReliability
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Failure cases of Newton's Method

42

1

2

3
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0.2

0.4

0.6

0.8

1.0

f (x) = (x � 1)2

f 0(1) = 0f 0(x) = 2x � 2 , so 

In theory: division by zero at x = 1. 
In practice: slow convergence.
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N dimensions
Multivariate root finding

43

<latexit sha1_base64="N6D1rSvyF+FMY5+ixX1OxWkOXuc="></latexit>

f : Rn ! Rn
<latexit sha1_base64="pO5nVai5AdxB4j7oz3eRCi9XBRg=">AAACF3icbVDLSsNAFJ34rPUVdSVuBotQNyGRom6EohuXFewD2lAm00k7dJIJMxOxhuB3+AFu9RPciVuXfoG/4aSNYFsPDBzOua85XsSoVLb9ZSwsLi2vrBbWiusbm1vb5s5uQ/JYYFLHnHHR8pAkjIakrqhipBUJggKPkaY3vMr85h0RkvLwVo0i4gaoH1KfYqS01DX3/XInQGrg+cl9enzxy+3U6pol27LHgPPEyUkJ5Kh1ze9Oj+M4IKHCDEnZduxIuQkSimJG0mInliRCeIj6pK1piAIi3WT8hRQeaaUHfS70CxUcq387EhRIOQo8XZmdKGe9TPzPa8fKP3cTGkaxIiGeLPJjBhWHWR6wRwXBio00QVhQfSvEAyQQVjq1qS3Z7Ag98FQn48zmME8aJ5ZzalVuKqXqZZ5RARyAQ1AGDjgDVXANaqAOMHgEz+AFvBpPxpvxbnxMSheMvGcPTMH4/AGH6qBT</latexit>

f (x) = 0.Find x so that
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High dimensional spaces

44

• Derivative are crucial especially in higher 
dimensions.


- In 1-D, can move in two directions


- in N-D can move in 2N "diagonal" directions 
alone. That's just too many to check.


- The gradient points into the direction 
of ascent and maps the behavior of 
the function locally.


- Foundation of all breakthroughts in ML 
in the last years. You cannot train a 
neural network without gradients.

MidJourney: A sign post with many 
different hikes in Switzerland.



RGL Realistic Graphics Lab

Newton's method for root finding in N dimensions
This algorithm trivially genaralizes

45

xk = xk�1 �
f (xk�1)
f 0(xk�1)

xk = xk�1 � [rf(xk�1)]
�1 f(xk�1)

1D case:

N-D case:
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Newton's method for root finding in N dimensions
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xk = xk�1 � [rf(xk�1)]
�1 f(xk�1)

Advantages and disadvantages:

• Rapid quadratic convergence, but may diverge..

• No simple+safe hybrid method (e.g. Newton-Bisection) in N-D.

• Need to compute Jacobian & solve linear system: 

requires O(n3) operations per iteration!!

• Linear system solve could fail (ill-conditioned/singular. More dimensions 

in which things can go wrong..)

• Assumes input and output spaces have matching dimension.
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Relation to Character Animation
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Connection to Character Animation
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[https://www.youtube.com/watch?v=KxKg0zoIvEc]
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Inverse Kinematics
[Harish et al. 2016, EPFL]
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Inverse Kinematics via Newton's method

50

Idea: solve with Newton’s method

n unknowns

2 equations

Idea 2: solve with Newton’s method + pseudoinverse
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<latexit sha1_base64="/3jgrLFgwXtqqD4upOHzF2f2FeM=">AAACBHicbVDLSgMxFL1TX7W+qi7dDBahbsqMFHUjFN24rGAf0JaSSTNtaCYZkoxYh9n6AW71E9yJW//DL/A3zLSzsK0HAodz7ivHCxlV2nG+rdzK6tr6Rn6zsLW9s7tX3D9oKhFJTBpYMCHbHlKEUU4ammpG2qEkKPAYaXnjm9RvPRCpqOD3ehKSXoCGnPoUI22ktl+OH5PTK6dfLDkVZwp7mbgZKUGGer/40x0IHAWEa8yQUh3XCXUvRlJTzEhS6EaKhAiP0ZB0DOUoIKoXT+9N7BOjDGxfSPO4tqfq344YBUpNAs9UBkiP1KKXiv95nUj7l72Y8jDShOPZIj9ithZ2+nl7QCXBmk0MQVhSc6uNR0girE1Ec1vS2SF6EolJxl3MYZk0zyrueaV6Vy3VrrOM8nAEx1AGFy6gBrdQhwZgYPACr/BmPVvv1of1OSvNWVnPIczB+voFYkOYtg==</latexit>

f (x) = 0

Root finding
Let's start with a simple 1D problem

51

<latexit sha1_base64="UK1NjqX8t4yVO/g22R4vPEbLCwQ="></latexit>

f : R ! R
Find x so that                     .
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How many solutions?
Linear systems have 0, 1, or ∞ solutions. Anything possible in the nonlinear case

52

• A few examples from [Heath 2002]: 

- exp(x) + 1 = 0

- exp(-x) -x = 0

- x2 - 4 sin(x) = 0

- x3 - 6x2 + 11x - 6 = 0

- sin(x)  =  0
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"Evil functions"
All sorts of things could be lurking inside. How are we expected to deal with such functions?

53
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Common assumptions
Must assume something. This determines how the solution algorithm will work.

54

Continuity Differentiability

Actually: kinks usually OK, we mainly 
need the ability to evaluate derivatives.

ConvexityLipschitz continuity

Mostly used for optimization.
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A model problem

55
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x2 = 4 sin x

Solution is not analytic!

Mathematica:
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A model problem
Can more or less read off solution from graph, how difficult can it be?

56

f (x) := x2 � 4 sin x

1.5 2.0 2.5 3.0

-2

2

4

6

8

Want f (x) = 0
Plot required thousands of function 
evaluations, each one is potentially very 
expensive (evaluating f(x) once: test a 
new drug compound on patients, build a 
rocket and collect a sample on Mars.)
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Intermediate Value Theorem

57

If f is continuous and  f (x0) = y0,  f (x1) = y1, 

then f (x) on (x0, x1) must pass through 
every value between y0 and y1.
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Use of continuity in our model problem

58
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??

If f (x0) · f (x1) < 0, then [x0, x1] is called a bracket.



RGL Realistic Graphics Lab

def bisect(f, l, r, eps1, eps2):

    while True:

        m = l + (r - l) / 2


        if np.abs(f(m)) < eps1 or np.abs(l - r) < eps2: 

            return m


        if f(l) * f(m) < 0:

            r = m

        else

            l = m

Bisection search

59
Is this code optimal?

function “bracket” stopping criterion thresholds

No, it could be implemented with ~1/3 
the number of f-evaluations.

Does not use function values! 
(only their sign is relevant)
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Stopping criteria for nonlinear methods

60

if np.abs(f(m)) < eps1 or np.abs(l - r) < eps2: 

    return m

Bound on forward error

(exact value unknown)

1.5 2.0 2.5 3.0
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8

(true forward error)

Backward 
error

l

r
m



RGL Realistic Graphics Lab

Does this seem at all familiar?

61

1 3 4 6 8 14107 13

4 > 3

4 < 6

4 < 7

Binary search for 4 in sorted list.

[Wikipedia]

Complexity of (discrete) algorithm: O(log n)

Can we find an analogy of “complexity” for root finding?
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Order and rate of convergence

62

Suppose that we can find numbers o and r so that
<latexit sha1_base64="77DivlOr7FiZpzrlqz1eZSn2TC4="></latexit>

lim
k!•

Ek+1
Eo

k
= r.

where Ek is the error after iteration k, then:

- o is called the order of convergence, which tells us how quickly 

the algorithm convergences.

- o = 1: linear convergence, o = 2: quadratic convergence, etc.


- r is called the rate of convergence. It distinguishes convergence 
speed of algorithms with the same order.
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Convergence order and rate of bisection

63

Error bound (before 1st iteration) :   r - l
Error bound (after 1st iteration)     :  (r - l) / 2

A method with a linear order of convergence gains a fixed 
number of accurate digits per iteration (depending on rate). Here: 
 

- 1 base-2 digit every iteration.  log 10
log 2

⇡ 31 base-10 digit every                      iterations.

<latexit sha1_base64="DkTWmit6kpXeXu/R4x8t0HqiA64="></latexit>

, Ek+1

E1
k

=
1
2

<latexit sha1_base64="ydu1i5crtBpkx491bk/BLrCSshg=">AAACFXicbZDLSsNAFIYnXmu9RV24cDNYBEEoSVF0IxSl4LKCvUAbwmQ6aYdMJmFmItSQ5/AB3OojuBO3rn0CX8NJm4VtPTDw8//nzJn5vJhRqSzr21haXlldWy9tlDe3tnd2zb39towSgUkLRywSXQ9JwignLUUVI91YEBR6jHS84DbPO49ESBrxBzWOiROiIac+xUhpyzUPG24anNnZdd8XCKd2ltYy2HAD16xYVWtScFHYhaiAopqu+dMfRDgJCVeYISl7thUrJ0VCUcxIVu4nksQIB2hIelpyFBLppJMPZPBEOwPoR0IfruDE/TuRolDKcejpzhCpkZzPcvO/rJco/8pJKY8TRTieLvITBlUEcxpwQAXBio21QFhQ/VaIR0iTUJrZzJb87hg9RZkmY89zWBTtWtW+qFr355X6TcGoBI7AMTgFNrgEdXAHmqAFMMjAC3gFb8az8W58GJ/T1iWjmDkAM2V8/QIqw57+</latexit>

Ek+1 =
1
2

EkGenerally:

In other words: order of convergence = 1 (linear) 
                               rate of convergence = 1 / 2
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Convergence speed of bisection
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[Heath]

f (x) := x2 � 4 sin xNonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Bisection Method
f(x) = x2 � 4 sin(x) = 0

a f(a) b f(b)
1.000000 �2.365884 3.000000 8.435520
1.000000 �2.365884 2.000000 0.362810
1.500000 �1.739980 2.000000 0.362810
1.750000 �0.873444 2.000000 0.362810
1.875000 �0.300718 2.000000 0.362810
1.875000 �0.300718 1.937500 0.019849
1.906250 �0.143255 1.937500 0.019849
1.921875 �0.062406 1.937500 0.019849
1.929688 �0.021454 1.937500 0.019849
1.933594 �0.000846 1.937500 0.019849
1.933594 �0.000846 1.935547 0.009491
1.933594 �0.000846 1.934570 0.004320
1.933594 �0.000846 1.934082 0.001736
1.933594 �0.000846 1.933838 0.000445Michael T. Heath Scientific Computing 16 / 55

l f (l) f (r)r

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods
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l f (l) f (r)r

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Bisection Method
f(x) = x2 � 4 sin(x) = 0

a f(a) b f(b)
1.000000 �2.365884 3.000000 8.435520
1.000000 �2.365884 2.000000 0.362810
1.500000 �1.739980 2.000000 0.362810
1.750000 �0.873444 2.000000 0.362810
1.875000 �0.300718 2.000000 0.362810
1.875000 �0.300718 1.937500 0.019849
1.906250 �0.143255 1.937500 0.019849
1.921875 �0.062406 1.937500 0.019849
1.929688 �0.021454 1.937500 0.019849
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Let’s apply bisection to the root-finding example function with

Here, l and r denote the bracket; the solution lies in between.

Midpoint  = 1.933838

True solution = 1.93375376282..

(13 iterations for ~4 digits)
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Newton's method

65

f (x + h) ⇡ f (x) + f 0(x)h

• Let's set this approximation to zero and solve for h.

f (x + h) = 0 , h = � f (x)
f 0(x)

• Move to that position, and repeat..

xk = xk�1 �
f (xk�1)
f 0(xk�1)

• Based on first-order Taylor expansion:
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Visualization of Newton's method
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Convergence of Newton's method

67

f (x) := x2 � 4 sin x

f 0(x) = 2x � 4 cos x

The method has a quadratic order of convergence, meaning that the

number of valid digits approximately doubles per iteration.

Newton’s method requires the derivative of f. Here,

Nonlinear Equations
Numerical Methods in One Dimension

Methods for Systems of Nonlinear Equations

Bisection Method
Fixed-Point Iteration and Newton’s Method
Additional Methods

Example: Newton’s Method
Use Newton’s method to find root of

f(x) = x2 � 4 sin(x) = 0

Derivative is
f 0(x) = 2x� 4 cos(x)

so iteration scheme is

xk+1 = xk �
x2k � 4 sin(xk)

2xk � 4 cos(xk)

Taking x0 = 3 as starting value, we obtain
x f(x) f 0(x) h

3.000000 8.435520 9.959970 �0.846942
2.153058 1.294772 6.505771 �0.199019
1.954039 0.108438 5.403795 �0.020067
1.933972 0.001152 5.288919 �0.000218
1.933754 0.000000 5.287670 0.000000

Michael T. Heath Scientific Computing 26 / 55

[Heath]

x f (x) f 0(x) h

(5 iterations 
  for ~7 digits)
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1D Root Finding: Pros/Cons

68

Bisection Newton’s methodProperty

Speed 😞 Slow 😊 Extremely fast
(only a few iterations once  

we’re sufficiently close to root)

Requirements 😐 Continuity, bracket 😐 Derivative

Reliability 😞 Divergence,

      multiple roots, …

😊 Always works

Can combine both: Newton-Bisection

😊 Extremely fast 😊 Always works 😬 Continuity, bracket, 
      derivatives

Speed RequirementsReliability
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Failure cases of Newton's Method
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f (x) = (x � 1)2

f 0(1) = 0f 0(x) = 2x � 2 , so 

In theory: division by zero at x = 1. 
In practice: slow convergence.
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N dimensions
Multivariate root finding

70

<latexit sha1_base64="N6D1rSvyF+FMY5+ixX1OxWkOXuc="></latexit>

f : Rn ! Rn
<latexit sha1_base64="pO5nVai5AdxB4j7oz3eRCi9XBRg=">AAACF3icbVDLSsNAFJ34rPUVdSVuBotQNyGRom6EohuXFewD2lAm00k7dJIJMxOxhuB3+AFu9RPciVuXfoG/4aSNYFsPDBzOua85XsSoVLb9ZSwsLi2vrBbWiusbm1vb5s5uQ/JYYFLHnHHR8pAkjIakrqhipBUJggKPkaY3vMr85h0RkvLwVo0i4gaoH1KfYqS01DX3/XInQGrg+cl9enzxy+3U6pol27LHgPPEyUkJ5Kh1ze9Oj+M4IKHCDEnZduxIuQkSimJG0mInliRCeIj6pK1piAIi3WT8hRQeaaUHfS70CxUcq387EhRIOQo8XZmdKGe9TPzPa8fKP3cTGkaxIiGeLPJjBhWHWR6wRwXBio00QVhQfSvEAyQQVjq1qS3Z7Ag98FQn48zmME8aJ5ZzalVuKqXqZZ5RARyAQ1AGDjgDVXANaqAOMHgEz+AFvBpPxpvxbnxMSheMvGcPTMH4/AGH6qBT</latexit>

f (x) = 0.Find x so that
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• Derivative are crucial especially in higher 
dimensions.


- In 1-D, can move in two directions


- in N-D can move in 2N "diagonal" directions 
alone. That's just too many to check.


- The gradient points into the direction 
of ascent and maps the behavior of 
the function locally.


- Foundation of all breakthroughts in ML 
in the last years. You cannot train a 
neural network without gradients.

MidJourney: A sign post with many 
different hikes in Switzerland.
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xk = xk�1 �
f (xk�1)
f 0(xk�1)

xk = xk�1 � [rf(xk�1)]
�1 f(xk�1)

1D case:

N-D case:
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Newton's method for root finding in N dimensions
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xk = xk�1 � [rf(xk�1)]
�1 f(xk�1)

Advantages and disadvantages:

• Rapid quadratic convergence, but may diverge..

• No simple+safe hybrid method (e.g. Newton-Bisection) in N-D.

• Need to compute Jacobian & solve linear system: 

requires O(n3) operations per iteration!!

• Linear system solve could fail (ill-conditioned/singular. More dimensions 

in which things can go wrong..)

• Assumes input and output spaces have matching dimension.
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Idea: solve with Newton’s method

n unknowns

2 equations

Idea 2: solve with Newton’s method + pseudoinverse
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MyTorch

• Gradient-based optimization framework.


• A simple neural network with 3 layers (discussed next lecture)


• Reaches ~85% accuracy on Fashion-MNIST


• All built by yourself using only NumPy!



RGL Realistic Graphics Lab

A benchmark problem
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60'000 training images

10'000 testing images

"MNIST" and "Fashion-MNIST"


